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Copula Models : describe joint distribution of stopping times

(default times)

⇒

Risk Management : Static

Pricing Credit Derivatives : Dynamic

Typical Coupula Models: Gaussian, Gumbel, inverse Gunbel etc.

Question

Are these copula models dynamically consistent ?

Answer: Probably not



Björk-Christernsen(1999) Math. Fin. 9, 323-348

”Interestrate Dynamics and Consistent Forwardrate Curves”

Family of Forward Rate Curves

Dynamical Interest Rate model free of arbitrage

∃ some analytic constraint conditions



Mathematical Setting

(Ω,F , P ) : complete probability space
W (t) = (W 1(t), . . . ,W d(t)), t = 0, d-dim. Wiener process
Gt = σ{W (s), s ∈ [0, t]} ∨N
N = {B ∈ F ; P (B) = 0 or 1}
N = 2
τi : Ω→ [0,∞), i = 1, . . . , N, random variables

Ft = Gt ∨ σ{τi ∧ t, i = 1, . . . , N}



Basic Assumptions

ξi : [0,∞)× Ω→ [0,∞), i = 1, . . . , N, G-prog. m’ble

(SC) (
Y
i∈I
1{τi>t})P (τi > ti, i ∈ I|Ft)

= (
Y
i∈I
1{τi>t})E[exp(−

X
i∈I

Z ti

t

ξi(s)ds)|Gt] a.s.

for any I ⊂ {1, . . . , N} and t, ti ∈ [0,∞), i ∈ I with t 5 mini∈I ti
(PO) For any t = 0,

P (

N\
i=1

{τi > t})|Gt) > 0 a.s.
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Technical Assumptions

(A-1) For any T > 0,

NX
i=1

Z T

0

E[ξi(t)
4]dt <∞.

(A-2) For any i = 1, . . . , N,Z ∞
0

ξi(t) =∞ a.s. and

Z b

a

ξi(t) > 0 a.s. for any a, b > 0 with b > a.

(A-3)

NX
i=1

Z ∞
0

(1 + t)2E[ξi(t)
2 exp(−2

Z t

0

ξi(s)ds)]dt <∞.



θ : [0,∞)× Ω→ RM G-Ito process
i.e.,

θ : G-progressively measurable
θ(t,ω) continuous in t for all ω ∈ Ω
∃ηk : [0,∞)× Ω→ RM k = 0, 1, . . . , d, G-prog. m’ble

P (

dX
k=1

Z T

0

|ηk(t)|2dt+
Z T

0

|η0(t)|dt <∞) = 1 for any T > 0,

θ(t) = θ(0) +

dX
k=1

Z t

0

ηk(s)dW
k(s) +

Z t

0

η0(s)ds



Θ open subset in RM

(A-4) P (θ(t) ∈ Θ̄ for all t = 0) = 1

(A-5) the support of probability law of θ(t,ω) under e−tdt ⊗ P (dω)
contains a non-empty open set in Θ

i.e., ∃ U0 non-empty open set U0 ⊂ Θ

∀θ0 ∈ U0 ∀ε > 0
Z ∞
0

P (|θ(t)− θ0| < ε) e−tdt > 0
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Copula Assumption

∃K ∈ C([0, 1]N ×Θ; [0, 1])
(CP) K(·, θ) : [0, 1]N → [0, 1] is a copula function for any θ ∈ Θ, and

(

NY
i=1

1{τi>t})1Θ(θ(t))P (τi > ti, i = 1, . . . , N |Ft)

= (

NY
i=1

1{τi>t})1Θ(θ(t))K(P (τ1 > t1|Ft), . . . , P (τN > tN |Ft), θ(t)) a.s.

for any t, t1, . . . , tN > 0 with t < mini=1,...,N ti.
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((Ω,F , P ), (W k
t )k=1,...,d, (τi)i=1,...,N , (ξi(t))i=1,...,N , θ(t),Θ,K)

is called a dynamical default time copula model

and we call

K the associated family of copula functions to this model.

Definition 1 Let Θ be an open subset in RM . We say that

K ∈ C([0, 1]N ×Θ; [0, 1]) is an admissible family of copula functions,
if there is a dynamical default time copula model and K is the associ-

ated family of copula functions to the model.



N = 2, M = 1
Θ a non-void open subset in RM

C(N)(Θ) :
the set of K ∈ C([0, 1]N ×Θ; [0, 1]) such that
K(·, θ) : [0, 1]N → [0, 1] is a copula function for any θ ∈ Θ,
and K|(0,1)N×Θ is a C∞ function.

metric dis of C(N)(Θ)



Dn, n = 1, an increasing sequence of compact subsets in Θ withS∞
n=1Dn = Θ

dis(K1,K2)

=
∞X
n=1

2−n ∧ sup{|K1(x, θ)−K2(x, θ)|; x ∈ [0, 1]N , θ ∈ Dn}

+

∞X
n=1

2−n∧(
nX

α1,...,αN+M=0

sup{| ∂α1+···αN+M (K1 −K2)

∂xα11 . . . ∂xαNN ∂θ
αN+1

1 ∂ . . . θ
αN+M

M

(x, θ)|;

x ∈ [1/4n, 1− 1/4n]N , θ ∈ Dn})

(C(N)(Θ), dis) Polish space



Theorem 2 Let N = 3, M = 1, and Θ be a non-void open subset in

RM . Then the subset of C(N)(Θ) whose elements are admissible families
of copula functions is a set of the first category in Baire’s sense.

a family of Gumbel copula functions

N = 3, M = 1, Θ = (0, 1).

KG(x1, x2, x3, θ) = exp(−(
3X
i=1

(− log xi)θ)1/θ), x1, x2, x3 ∈ (0, 1), θ ∈ (0, 1).



a family of inverse Gumbel copula functions

N = 3, M = 1, Θ = (0, 1).

KIG(x1, x2, x3, θ)

= 1−
3X
i=1

(1− xi) +KG(1, 1− x2, 1− x3) +KG(1− x1, 1, 1− x3)

+KG(1− x1, 1− x2, 1)−KG(1− x1, 1− x2, 1− x3)

By numerical computation, we see that

KG or KIG are not admissible.



Main Idea

∃fi : [0,∞)× [0,∞)× Ω→ (0,∞), i = 1, . . . , N, such that

fi(t, s) = E[exp(−
Z s

t∧s
ξi(r)dr)|Gt] a.s. t, s = 0,

∀ω ∈ Ω
fi(·, ∗,ω) : [0,∞)× [0,∞) is continuous
fi(t, s1,ω) > fi(t, s2,ω) > 0 s2 > s1 > t

f(t, t,ω) = 1, lim
s↑∞

f(t, s,ω) = 0, t = 0, ω ∈ Ω.



∃σ̃i,k : [0,∞]× [0,∞)×Ω→ R, k = 1, . . . , d, i = 1, . . . , N, such that

(1) σ̃i,k(t, ·,ω) : [0,∞]→ R, k = 1, . . . , d, is continuous

for any t ∈ [0,∞) and ω ∈ Ω.
(2) σ̃i,k(t, s,ω) = 0, t = s, and lims→∞ σ̃i,k(t, s,ω) = 0

for any t ∈ [0,∞) and ω ∈ Ω.
(3) σi,k(·, s) : [0,∞)× Ω→ R, k = 1, . . . , N, is G-prog. m’ble
(4) For any s > 0

fi(t, s) = fi(0, s) +

Z t∧s

0

ξi(r)fi(r, s)dr +

dX
k=1

Z t

0

σ̃i,k(r, s)dW
k(r).



Ti : [0,∞)× (0, 1)× Ω→ (0,∞), i = 1, . . . , N,

Ti(t, x) = inf{s = t, fi(t, s) 5 x}, x ∈ [0, 1).

Ti(t, ·,ω) : (0, 1)→ (0,∞) is continuous and strictly decreasing,
limx↓0 Ti(t, x,ω) = ∞ and limx↑1 Ti(t, x,ω) = 0 for any t = 0 and

ω ∈ Ω.



σi,k : [0,∞)× (0, 1)× Ω→ R, i = 1, . . . , N, k = 1, . . . , d,

σi,k(t, x) = σ̃i,k(t, Ti(t, x)) t = 0, x ∈ (0, 1).

lim
x↓0

σi,k(t, x) = 0, lim
x↑1

σi,k(t, x) = 0.

Extended to σi,k : [0,∞)× [0, 1]× Ω→ R

for which σi,k(t, ·,ω) : [0, 1]→ R is continuous for any t = 0, ω ∈ Ω,
and σi,k(t, 0) = σi,k(t, 1) = 0.



Rough Idea

fi(t, s) = P (τi > s|Ft), s > t, i = 1, . . . , N,

E[exp(−
NX
i=1

Z si

0

ξi(r)dr)|Gt]

= exp(−
NX
i=1

Z t

0

ξi(r)dr)P (τ1 > s1, . . . , τN > sn|Ft)

= exp(−
NX
i=1

Z t

0

ξi(r)dr)K(f1(t, s1), . . . , fN (t, sN ), θ(t))

for t ∈ [0,mini=1,...,N si].



Ito’s formula + comparing finite total variation part

for any s1, . . . , sN > t

−(
NX
i=1

ξi(t))K(f1(t, s1), . . . , fN (t, sN ), θ(t))

+
NX
i=1

ξi(t)fi(t, si)
∂K

∂xi
(f1(t, s1), . . . , fN (t, sN ), θ(t))

+

MX
j=1

ηj0(t)
∂K

∂θj
(f1(t, s1), . . . , fN (t, sN ), θ(t))

+
1

2

NX
i,i0=1

dX
k=1

σ̃i,k(t, si)σ̃i0,k(t, si0)
∂2K

∂xi∂xi0
(f1(t, s1), . . . , fN (t, sN ), θ(t))



+
1

2

MX
j,j0=1

dX
k=1

ηjk(t)η
j0

k (t)
∂2K

∂θjθj0
(f1(t, s1), . . . , fN (t, sN ), θ(t))

+

NX
i=1

MX
j=1

dX
k=1

σ̃i,k(t, si)η
j
k(t)

∂2K

∂xiθj
(f1(t, s1), . . . , fN (t, sN ), θ(t))

= 0



Substitute si = Ti(t, xi), i = 1, . . . , N

−(
NX
i=1

ξi(t))K(x1, . . . , xN , θ(t))

+

NX
i=1

ξi(t)xi
∂K

∂xi
(x1, . . . , xN , θ(t))

+
MX
j=1

bj(t)
∂K

∂θj
(x1, . . . , xN , θ(t))

+
1

2

NX
i,i0=1

dX
k=1

σi,k(t, xi)σi0,k(t, xi0)
∂2K

∂xi∂xi0
(x1, . . . , xN , θ(t))
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+
1

2

MX
j,j0=1

dX
k=1

ηjk(t)η
j0

k (t)
∂2K

∂θjθj0
(x1, . . . , xN , θ(t))

+

NX
i=1

MX
j=1

dX
k=1

σi,k(t, xi)η
j
k(t)

∂2K

∂xiθj
(x1, . . . , xN , θ(t))} = 0

for any x1, . . . , xN ∈ (0, 1).
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Notation

J2 = {(j, j0) ∈ {0, 1, . . . ,M} × {1, . . . ,M}; j 5 j0}
C2 : the set of continuous functions a : [0, 1]× [0, 1]→ R

with a(0, x) = a(1, x) = a(1, x) = a(x, 1) = 0, x ∈ [0, 1]
C1 : the set of continuous functions ã : [0, 1]→ R

with a(0) = a(1) = 0

Linear operators from C2((0, 1)N ×Θ) to C((0, 1)N ×Θ)
S
(2)
ii0 , i, i

0 = 1, . . . , N, i < i0,

S
(1)
ij , i = 1, . . . , N, j = 0, 1, . . . ,M,

S
(0)
jj0 , (j, j

0) ∈ J2,



(S
(2)
ii0 F )(x, θ) =

∂2F

∂xi∂xi0
(x, θ), 1 5 i < i0 5 N,

(S
(1)
i0 F )(x, θ) =

∂2F

(∂xi)2
(x, θ), i = 1, . . . , N,

(S
(1)
ij F )(x, θ) =

∂2F

∂xi∂θj
(x, θ), i = 1, . . . , N, j = 1, . . . ,M,

(S
(0)
jj0F )(x, θ) =

∂2F

∂θj∂θj0
(x, θ), 1 5 j 5 j0 5 N,

(S
(0)
0j0F )(x, θ) =

∂F

∂θj0
(x, θ), 1 5 j0 5 N,

for any F ∈ C2((0, 1)N ×Θ).



Lemma 3 Let N = 2, M = 1, Θ be an open set in RM , and

K ∈ C([0, 1]N ×Θ; [0, 1]).
Assume that K is an admissible family of copula functions and that

K|(0,1)N×Θ is C2.
Then there is a subset A of Θ such that

the closure of A contains non-void open set in Θ, and

for any θ ∈ A, there are ξ1 > 0, ξi = 0, i = 2, . . . , N, ã
(2)
ii0 ∈ C2,

1 5 i < i0 5 N, ã(1)ij ∈ C1, i = 1, . . . , N, j = 0, 1, . . . ,M, and ã
(0)
jj0 ∈ R,

(j, j0) ∈ J2, such that
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NX
i=1

ξi(xi
∂K

∂xi
(x, θ)−K(x, θ))

+
X

15i<i05N
ã
(2)
ii0 (xi, xi0)(S

(2)
ii0 K)(x, θ) +

NX
i=1

MX
j=0

ã
(1)
ij (xi)(S

(1)
ij K)(x, θ)

+
X

(j,j0)∈J2
ã
(0)
jj0(S

(0)
jj0K)(x, θ) = 0, for all x = (x1, . . . , xN ) ∈ (0, 1)N

and X
15i<i05N

ã
(2)
ii0 (xi, xi0)zizi0 +

NX
i=1

ã
(1)
i0 (xi)z

2
i +

NX
i=1

MX
j=1

ã
(1)
ij (xi)ziyj

+
X

(j,j0)∈J2
ã
(0)
jj0yjyj0 = 0 ∀x ∈ (0, 1)N , ∀z1, . . . , zN , y1, . . . , yM ∈ R
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How to verify that the condition in Lemma does not hold

n = 1
~z = (zik)i=1,...,N,k=1,...,n ∈ (0, 1)nN

For ~k = (k1, . . . , kN ) ∈ {1, . . . , n}N , and ~z ∈ (0, 1)nN ,
Zi(~z,~k) = ziki , i = 1, . . . , N,

~Z(~z,~k) = (z1k1 , . . . , zNkN ) ∈ (0, 1)N .
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NX
i=1

ξi(ziki
∂K

∂xi
(~Z(~z,~k), θ)−K(~Z(~z,~k), θ))

+
X

15i<i05N
ã
(2)
ii0 (ziki , zi0ki0 )(S

(2)
ii0 K)(

~Z(~z,~k), θ)

+

NX
i=1

MX
j=0

ã
(1)
ij (ziki)(S

(1)
ij K)(

~Z(~z,~k), θ)+
X

(j,j0)∈J2
ã
(0)
jj0(S

(0)
jj0K)(

~Z(~z,~k), θ) = 0

for ~k = (k1, . . . , kN ) ∈ {1, . . . , n}N

The number of equations = nN

Unknown factors : ξi, ã
(2)
ii0 (ziki , zi0ki0 ), ã

(1)
ij (ziki), ã

(0)
jj0

Number of Unknown factors = O(n2)
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C(2)n = {(i, i0) ∈ {1, 2, . . . , N}2; i < i0} × {1, 2, . . . , n}2

C(1)n = {1, 2, . . . , N} × {0, 1, . . . ,M} × {1, 2, . . . , n}.

For any G ∈ C2((0, 1)N ×Θ), n = 1, and ~k ∈ {1, . . . , n}N ,
we define continuous functions defined in (0, 1)nN ×Θ,
(M

(n)I
i G)(·, ~k), i = 1, . . . , N,

(M
(n)(2)
ii0pq G)(·, ~k), (i, i0, p, q) ∈ C

(2)
n ,

(M
(n)(1)
ijp G)(·, ~k), (i, j, p) ∈ C(1)n ,

(M
(n)(0)
jj0 G)(·, ~k), (j, j0) ∈ J2, by

(M
(n)I
i G)(~z, θ,~k) = Zi(~z,~k)

∂G

∂xi
(~Z(~z,~k), θ)−G(~Z(~z,~k), θ) i = 1, . . . , N,

(M
(n)(2)
ii0pq G)(~z, θ,

~k) = δp,kiδq,ki0 (S
(2)
ii0 G)(

~Z(~z,~k), θ) (i, i0, p, q) ∈ C(2)n ,



(M
(n)(1)
ijp G)(~z, θ, ~k) = δp,ki(S

(1)
ij G)(

~Z(~z,~k), θ), (i, j, p) ∈ C(1)n ,

(M
(n)(0)
jj0 G)(~z, θ, ~k) = (S

(0)
jj0G)(

~Z(~z,~k), θ), (j, j0) ∈ J2,

for any ~z ∈ (0, 1)nN and θ ∈ Θ.



Cn0 = C
(2)
n ∪ C(1)n ∪ J2

Cn = {1, . . . , N} ∪ Cn0.

#(Cn0) = n
2N(N − 1)/2 + nN(M + 1) +M(M + 3)/2

#(Cn) = N +#(Cn0).

For any G ∈ C2((0, 1)N × Θ), n = 1, and γ ∈ Cn we define a

continuous function ( ~M (n)G)γ : (0, 1)
nN ×Θ→ R{1,...,n}N by

( ~M (n)G)γ(~z, θ)

=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
((M

(n)(2)
ii0pq G)(~z, θ,

~k))~k∈{1,...,n}N if γ = (i, i0, p, q) ∈ C(2)n ,

(M
(n)(1)
ijp G)(~z, θ, ~k))~k∈{1,...,n}N if γ = (i, j, p) ∈ C(1)n ,

(M
(n)(0)
jj0 G)(~z, θ, ~k))~k∈{1,...,n}N if γ = (j, j0) ∈ J2,

((M
(n)I
i G))(~z, θ, ~k))~k∈{1,...,n}N if γ = i ∈ {1, . . . , N}.



For any G ∈ C2((0, 1)N ×Θ), n = 1, ~z ∈ (0, 1)nN and θ ∈ Θ,
let Vn(G,~z, θ) (resp. Vn0(G,~z, θ)) be the vector subspace of

R{1,...,n}N

spaned by {( ~M (n)G)γ(~z, θ); γ ∈ Cn}
(resp. {( ~M (n)G)γ(~z, θ); γ ∈ Cn0}).
Also, let N(n)(G,~z, θ) be a vector space in R

N given by

N(n)(G,~z, θ) = {(v1, . . . , vN ) ∈ RN ;
NX
i=1

vi( ~M
(n)G)i(~z, θ) ∈ Vn0(G,~z, θ)}.



Lemma 4 Let N = 2, M = 1, and Θ be an open subset of RM Let

K ∈ C([0, 1]N × Θ; [0, 1]). Assume that K is an admissible family of

copula functions, and that K|(0,1)N×Θ is C2. Then there is a subset A
of Θ such that the closure of A contains non-void open set in Θ, and

for any θ ∈ A and ~z ∈ (0, 1)nN , N(n)(K,~z, θ) ∩ [0,∞)N 6= {0}.

As a corollary we have the following.

Corollary 5 Let N = 2, M = 1, and Θ be an open subset of RM . Let

K ∈ C([0, 1]N × Θ; [0, 1]). Assume that K is an admissible family of

copula functions, and that K|(0,1)N×Θ is C2. Then for any n = 1 and
~z ∈ (0, 1)nN , there is a non-void open subset U of Θ such that

dimVn(K,~z, θ) 5 #(Cn)− 1, θ ∈ U.



Remark 6 Let N = 3, M = 1, and Θ be an open subset of RM . Let

K ∈ C([0, 1]N × Θ; [0, 1]). Assume that K is an admissible family of

copula functions, and that K|(0,1)N×Θ is C2.
Assume moreover that

Θ is connected and that

K(x, ·) : Θ→ R is real analytic.

If there exist n = 1, ~z ∈ (0, 1)nN , and θ0 ∈ Θ such that

dimVn(K,~z, θ0) = #(Cn),

then K is not admissible family of copula functions.
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Special case:

K is a family of Archimedian copula functions, i.e.,

∃ ϕ : (0, 1)×Θ→ (0,∞) ∃ρ : (0,∞)×Θ→ (0, 1)

K(x1, . . . , xN , θ) = ρ(

NX
k=1

ϕ(xk, θ), θ), x1, . . . , xN ∈ (0, 1), θ ∈ Θ.

ρ(·, θ) = the inverse function of ϕ(·, θ)

Remark 7 Let

m0 =
N(N − 1)

2
n2+N(M+3−N)n− (N − 1)(2M + 4−N)

2
+
M(M + 3)

2
.

Assume that Θ is connected and that ϕ : (0, 1) × Θ → (0,∞) is real
analytic. If there exists a θ0 ∈ Θ such that dimVn(K,~z, θ0) = m0 + 1,

then K is not an admissible family of copula functions.



a family of Gumbel copula functions

N = 3, M = 1, Θ = (0, 1).

ϕ(x, θ) = (− log x)θ, ρ(y, θ) = exp(−y1/θ),
n = 5 m0 = 89.

dimVn(K,~z, θ0) = 90 for (zi1, . . . , zi5) = (0.55, 0.65, 0.75, 0.85, 0.95),

i = 1, 2, 3, and θ0 = 0.4 or 0.6.

by applying Householder transformation
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