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Copula Models : describe joint distribution of stopping times
(default times)

Risk Management : Static

Pricing Credit Derivatives : Dynamic

Typical Coupula Models: Gaussian, Gumbel, inverse Gunbel etc.

Question

Are these copula models dynamically consistent 7

Answer: Probably not



Bjork-Christernsen(1999) Math. Fin. 9, 323-348

”Interestrate Dynamics and Consistent Forwardrate Curves”

Family of Forward Rate Curves

Dynamical Interest Rate model free of arbitrage

4 some analytic constraint conditions



Mathematical Setting

(2, F, P) : complete probability space

W(t) = (Wt),...,Wt)), t 2 0, d-dim. Wiener process
Gy = a{W(s), s€[0,t]} VN

N={BeF; P(B)y=0or 1}

N =2

7, : 2 —10,00),7=1,..., N, random variables
Fi=GVo{r, ANt,i=1,...,N}



Basic Assumptions

£ :10,00) x Q2 —1[0,00),i=1,...,N, G-prog. m’ble
(H Lirsey)P(m > ti,1 € I|F)

el

= (][ 1¢r.5) Elexp(- Z 5)ds)|G] a

el el t

for any I C {1,...,N} and t,t; € [0,00),7 € I with t < min;cyt;

(PO) For any t = 0,

P(ﬂ{ﬂ: >t})|G:) > 0 a.s.

1=1
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Technical Assumptions
(A-1) For any T > 0,

(A-2) For any i = 1,..., N,

b
/ £i(t) =00 a.s. and / £&(t) >0 a.s. for any a,b > 0 with b > a.

(A-3) Y- /O T+ 2 E[ ()2 exp(—2 /O ¢:(s)ds)]dt < co.



0 :[0,00) x Q = RM G-Tto process
l.e.,
0 : G-progressively measurable

6(t,w) continuous in ¢ for all w € €2
Ing 1 [0,00) x @ - RM k£ =0,1,...,d, G-prog. m’ble

d T T
P(Z/ 75 (8)| 2t +/ n0(t)|dt < 00) =1 for any T > 0,
k—1 0 0

6(t) = 6(0) + Z/O Nk (8)dW*(s) —|—/0 no(s)ds



© open subset in RM
(A-4) P(O(t) €O forallt > 0) =1

(A-5) the support of probability law of 6(¢,w) under e *dt ® P(dw)
contains a non-empty open set in ©

i.e., 4 Uy non-empty open set Uy C O

Vbo € Uy Ve > 0 / P(|9(t) — 90| < 8) e~ tdt >0
0
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Copula Assumption

3K € 0([0,1]Y x ©:[0,1])
(CP) K(-,0) :[0,1]Y — [0,1] is a copula function for any § € ©, and

N
(I Linsep)1e(0(8) P(rs > ti,i=1,...,N|F)
1=1

= ([[ 1) 10 @WK (P(n > 01| 7o), ..., Py > tw| 7). 6(1)) as

for any ¢,%¢1,...,tny > 0 with ¢ <min;— . N ;.
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((Qa fa P)7 (Wtk)k:L...,da (Ti)i:L...,Na (g’i(t))’izl,...,Na H(t)a @7 K)
is called a dynamical default time copula model

and we call

K the associated family of copula functions to this model.

Definition 1 Let © be an open subset in R™. We say that
K € C([0,1]% x ©;]0,1]) is an admissible family of copula functions,
if there is a dynamical default time copula model and K is the associ-

ated family of copula functions to the model.



N=22 M=1

© a non-void open subset in RM

Cvy(O) :

the set of K € C([0,1]Y x ©:]0,1]) such that
K(-,0):10,1]¥ — [0,1] is a copula function for any 6 € ©,

and K| 1)~y xe is a C>° function.

metric dis of C(n)(©)



D,, n = 1, an increasing sequence of compact subsets in © with
U.,_,D, =6

diS(l(l,lrg)
- Z 27" Asupq{ |K1(z,0) — Ko(z,0)]; z € |0, 1]N7 0 €Dy}
n=1

oo n

a1+ N+ M _
+22_"/\( Z sup{| 0 (K1 — K») (z,0)l;

a1 N aN+1 AN+ M
Oxi'...0xQV00, "7 0...0y

re[l/4n,1—1/4n]", 6 € D,})

(C(ny(©),dis) Polish space



Theorem 2 Let N = 3, M = 1, and © be a non-void open subset in
R™M. Then the subset of C ) (©) whose elements are admissible families

of copula functions is a set of the first category in Baire’s sense.

a family of Gumbel copula functions
N=3, M=1,0=(0,1).

KG(x17x27x376) — eXp(_(Z(_logaji)e)l/O)? L1,%2,T3 € (07 1)7 0 (07 1)



a family of inverse Gumbel copula functions
N=3, M=1,6=(0,1).
Kig(w1, 72, 73,0)

3
=1-) (1—=z)+Kg(1,1—22,1—3) + Kg(1 —21,1,1 — z3)
=1

—I—Kg(]. — I, 1— L9, 1) — Kg(]. — I, 1— L9, 1— 113‘3)

By numerical computation, we see that

Ko or Kj¢ are not admissible.



Main Idea

f; : 10,00) x [0,00) X Q = (0,00),7=1,..., N, such that

filt,s) = Elexp(~ / E(r)dr)[G] as. 1520,

Yw € )
fi(-, %, w) : [0, 00) x [0, 00) is continuous

fz'(t, Sl,w) > fz-(t, SQ,w) > 089 >8>t

f(t,t,w) =1, liTmf(t,s,w):O, t=20, we Q.



36k : [0,00] X [0,00) x Q2 - R, k=1,...,d,i=1,..., N, such that
(1) 65 1(t,-,w) : [0,00] = R, k=1,...,d, is continuous
for any t € [0,00) and w € €.
(2) 5 k(t,s,w) =0,t=s, and lim,_,o0 75 1 (t, s,w) =0
for any t € [0,00) and w € €.
(3) oik(-,8) : [0,00) x 2 >R, k=1,...,N, is G-prog. m’ble
(4) For any s > 0

tAs

d t
fi(t,s) = f:(0,s) + & (r)fi(r,s)dr + Z/o Gix(r, s)dW™(r).

0



T; : [0,00) x (0,1) x 2 — (0,00),7=1,..., N,
Ti(t,z) = inf{s 2 ¢, fi(t,s) < x}, z € [0,1).
Ti(t,-,w) : (0,1) — (0,00) is continuous and strictly decreasing,

lim, o T5(t, x,w) = oo and limg4q T5(¢, 2,w) = 0 for any ¢t = 0 and
w € ().



oik:[0,00)x(0,1)xQ2—=R,i=1,...,N, k=1,...,d,

O'z"k(t,ﬂ?) = &i,k(t,Ti(t,CC)) t z 0, x € (O, ].)

1901% o k(t,x) =0, lwl%rll oik(t,x) =0.
Extended to o; % : [0,00) x [0,1] x Q@ = R
for which o; (t,-,w) : [0,1] — R is continuous for any t = 0, w € 2,
and O'Z',]{,(t, O) = Ui,k(t, 1) = 0.



Rough Idea

fi(t,S):P(Ti>S|ft), s>t, 1=1,..., N,

eXp / §z d’l“ |gt
N t
— exp(—Z/ gi(T)dT)P(Tl > 81y...,TN > 3n|-7:t)
i=170

= exp(= Y / &) Ar K (fu(t, 51, ot 5x), ()

for t € [O, minizl



Ito’s formula + comparing finite total variation part

for any s1,...,sy >t

Zgz fl t 51) "7fN(t7SN)79(t))

+Z§7’ fz t Sz (fl(t 31) "7fN(t73N)79(t))

+Z ()gf(fl(t 51); -5 fn(t,sn),0(t))

N
+

d 2
S Gin (b 50050 k(6 50) = (fy(t 1), - fov(t 55, 6(2)

1
2 8%8%/
1,0'=1 k=1






Substitute s; = T;(t,z;), i =1,..., N

—|—Z€z 372 mlv"'?mN’H(t))

ij LEl,...,.’L‘N,H(t))

1 N d 52K
+2 Sjlk;jlazk (t CEz)O'z’ k(t, x4 )ax 0z, (3317"'737N79(t))

2,1’
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D ID WAL

7,3’ =1k=1

N M d
DI EDUAD

1=

for any x4, ..

1j=1k=1

., TN € (0, 1).

00,0,

ﬁxqﬁj

(33‘1,...

(113‘1,...
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Notation

Jo={(5,7") €{0,1,..., M} x{1,....M}; j = j'}

Co : the set of continuous functions a : [0,1] x [0,1] - R
with a(0,z) = a(1l,z) = a(l,2) = a(x,1) =0, x € [0, 1]
C1 : the set of continuous functions a : [0,1] — R

with a(0) = a(1) =0

Linear operators from C?((0,1)Y x ©) to C((0,1)Y x ©)

S i =1,...,N,i<i,

SV, i=1,...,N, j=0,1,..., M,
o . .

Sjj'a (]7]/) S J27



O°F

(SiF)(@,0) = 5= —(2.0), 1<i<i' <N,
(SO F)(z,0) = (2252 (2,0), i=1,.. N
(S5 F)(x,0) = aijgej (z,0), i=1,...,N, j=1,...,M,
(SYF)@0) = gi(@0), 1555 SN,
(SOF)(@.6) = o-(a,6), 17 <N,

09,

for any F' € C?((0,1)" x ©).



Lemma 3 Let N > 2, M > 1, © be an open set in RM, and
K € C([0,1]N x ©:]0,1]).
Assume that K is an admissible family of copula functions and that
K|(0,1)N><@ is C”.
Then there is a subset A of © such that

the closure of A contains non-void open set in ©, and
for any §# € A, there are & >0, & =2 0,7 =2,...,N, 8\ ¢ Ca,

11’

1<i<iv <N, &gjl.) cC,t=1,...,N,57=0,1,..., M, and @ﬁ-(}? c R,
(7,7") € Ja, such that
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> 6o 5 (@,0) — K(2,0))

N M
+ Y @ (@i ae) (S K) (2, 0) ZZ ) (i K) (, 0)
1=1 7=0

15i<i’SN

_|_ Z ~(0) (O)K )(x,0) =0, for all z = (x4, ..., ZCN)E(Oal)N

J,J")€J2
and
N M
Z ~(2)(:132,:1:Z )2z + Za(l) )27 + ZZ :I:l )ZiY;
15i<i’ SN i=1g=1

+ Z ,yjy] > 0 Vx € (0, 1)N Vzi,...,2N,Y1,-- -,y € R
(4,5")€J2
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How to verify that the condition in Lemma does not hold
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oK - . - S o
&z, 5—(Z(2,F),0) — K(Z(7,k),0))
1=1 v
+ Z &512’) (zzk 7Zz’k/)(S§3)K)(Z(§, E),@)
1Si<i’SN
N M
~(1 1 >, o 0V (0
+Zxagj)(zikz)(sfg)[{)(z(zak),e)—l- Z agj)(S§j2K)
=1 7=0 (4.3)€ T2

for k= (k1,....ky) € {1,...,n}N

The number of equations = n®
e =2 , ~(1) ~(0)
Unknown factors : &;, a;;/ (2ik,, 2i'k,, ), a; (zik, ), Q.

Number of Unknown factors = O(n?)
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C? ={@,i)e{1,2,...,N¥?% i <i'} x{1,2,...,n}?
CW ={1,2,...,N}x{0,1,...,M} x {1,2,...,n}.

For any G € C?((0,1)Y x ©), n > 1, and k€ {1,...,n}¥,
we define continuous functions defined in (0,1)"" x ©,
(MG (- k), i=1,...,N,

My GV K), (0 7,p,0) € O,

(2 pq

( k
(MPVG) (R, (4,4,p) € CLY,
( k

yp

MG (- k), (,5') € Ja, by




(M(n)(l)G)(

t)p

MOa)(z,6,k) = (sOa

for any zZ € (0,1)"V

—

97 k) — 5pakz(

—

and 0 € O.



Co=cPuc®u.r,
Cn:{l,...,N}UCno.

#(Cno) =n°N(N —1)/2+nN(M + 1) + M(M + 3)/2

For any G € C%((0,1)Y x ©), n =2 1, and v € C,, we define a
continuous function (M™@G), : (0,1)™N x @ — R by

(M™G),(Z,0)

((MDG)NZ,0, ) reqr. v 7= (0,1,p,q) € OF,
_ ) MG E0 R,y iy = (05p) € Cr
(MG 2,0, ) ey gy iy =(5,5") € o,
| (MG (E 0, R g iy =i€{l,...,N}.




For any G € C%((0,1)Y x©),n=>1, Z€ (0,1)"" and 0 € O,

let V,(G,Zz,0) (resp. V,o(G,Z,0)) be the vector subspace of
R{l,...,n}N

spaned by {(M(")G) (2,0); v € Ch}

(resp. {(M™@).(Z,0); v € Cno}).

Also, let N(,,)(G, Z,0) be a vector space in R" given by

Ny (G, Z,0) = {(v1, .. c RY; Z (M™G)i(Z,0) € Vno(G, 2,6)}.



Lemma 4 Let N > 2, M > 1, and © be an open subset of RM Let
K € C([0,1]% x ©;[0,1]). Assume that K is an admissible family of
copula functions, and that K| 1)~ xe is C?. Then there is a subset A

of © such that the closure of A contains non-void open set in ©, and
for any € A and Z € (0,1)™", N(,,)(K, Z,0) N [0,00)" £ {0}.

As a corollary we have the following.

Corollary 5 Let N > 2, M > 1, and O be an open subset of R . Let
K € C([0,1]" x ©;[0,1]). Assume that K is an admissible family of

copula functions, and that K|(0,1)Nx@ is C2. Then for any n > 1 and
Z € (0,1)™V, there is a non-void open subset U of © such that

dimV, (K, Z,0) < #(C,) -1, 0cU



Remark 6 Let N >3, M > 1, and © be an open subset of RM. Let
K € C([0,1]N x ©;]0,1]). Assume that K is an admissible family of
copula functions, and that K| 1)~ xe is C?.

Assume moreover that

© is connected and that

K(z,-): © = R is real analytic.

If there exist n > 1, Z € (0,1)™", and 0y € O such that

dimV,, (K, Z,0p) = #(C,),

then K is not admissible family of copula functions.
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Special case:

K is a family of Archimedian copula functions, i.e.,
J¢:(0,1) x O — (0,00) dp: (0,00) x ©® = (0,1)

N
K(z1,...,2n,0) = p(Y_ ¢(xx,0),0),  x1,...,25 €(0,1), 6 €O.
k=1

p(-,0) = the inverse function of (-, 6)

Remark 7 Let

N(N -1
my = ( )n2+N(M+3—N)n—

(N—1)(2M +4—N) M(M +3)

2 2 i 2
Assume that © is connected and that ¢ : (0,1) x © — (0, 00) is real
analytic. If there exists a 6y € © such that dimV,,(K, 2, 0p) = mg + 1,

then K is not an admissible family of copula functions.



a family of Gumbel copula functions

N=3, M=1,6=(0,1).

p(z,0) = (—logz)’, p(y,0) = exp(—y'/?),

n=9 my=389.

dimV,, (K, 2, 0) = 90 for (z;1,...,2i5) = (0.55,0.65,0.75,0.85,0.95),
1 =1,2,3, and 6y = 0.4 or 0.6.

by applying Householder transformation
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